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ABSTRACT 
Electrically-excited electroelastic extensional vibrations of an arbitrarily cut three-dimensional 
piezocrystal resonator are analyzed variationally. A set of trigonometric trial functions applicable to a 
waveguide behavior of the resonator partly covered by metal electrodes is proposed. The dependence 
of the content of the vibration modes sustained by the resonator on the electrode configuration is 
found. The frequency spectra taken in 128o-Y-rotated LiNbO3 rectangular plates exhibit a good 
correspondence with the computed resonator eigenfrequencies. 
 
PACS numbers: 43.38.Fx, 43.40.Dx 
 
I. INTRODUCTION 
 
Since a report of Rocke et al.1 the dynamical behavior of photoexcited electrons and 
holes in semiconductor nanostructures modulated by acoustic waves is a topic of increasing 
interest. The interaction between the free charges and the waves is mostly due to a 
piezoelectric coupling. In many cases, the size of the acoustoelectric interaction is not large 
enough because of a weak piezoelectricity of the structures. A greatly enhanced 
acoustoelectric interaction can be achieved in a hybrid structure which contains a LiNbO3 
plate and a semiconductor nanostructure mounted on it. In these structures, the moving 
piezoelectric potential of the surface acoustic waves launched in the LiNbO3 plate and the 
acoustoelectric interaction between the wave and free charges placed in close proximity to 
the plate surface have been extensively addressed both theoretically and experimentally.2 The 
piezoelectric fields of the Lamb waves in LiNbO3 plates has also been reported.3 Meanwhile, 
interesting consequences are expected to arise from the interaction of the standing-wave 
piezoelectric field excited in the LiNbO3 plate and the two-dimensional electron and hole 
gases created in the adjacent semiconductor nanostructure.  
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An important advantage of a rectangular plate geometry for the hybrid structure is a 
possibility to utilize it in a broad frequency range operating either at the standing-wave 
resonances or at its natural resonant frequencies, thus providing more feasibility in choosing 
both electrical and elastic field-shapes. Therefore, the major driving force for the study of the 
piezoelectric-semiconductor structure is the technological importance of the acoustoelectric 
interaction in the fabrication of nanoelectronic devices. However, one of the limiting 
restrictions for a broader utilization of these structures is the problem of an accurate 
theoretical treatment of a vibrating rectangular piezocrystal plate which is partly covered by 
exciting electrodes.  
It is well known that accurate modeling of three-dimensional (3D) electroelastic 
vibrations can be quite complex in the most general case and requires the application of 
numerical methods. Variational,4-6 finite-element,7,8 and some other9,10 approximate methods 
are therefore widely used. The systematic studies have however been only done in 
piezoceramic circular disks.11-15 Several interesting issues related to 3D electroelastic 
vibrations in rectangular-shaped piezoelectric plates,16-17 piezoelectric parallelepipeds,4,18,19 
and piezo-elastic laminae20-22 have also been raised. Given the part of the piezoelectric 
material boundary covered with electrodes is much less than the uncovered part of the 
boundary, the transfer function, the group delay time, and the impedance matrix have been 
computed in a rectangular piezoceramic plate sustaining the lowest-order symmetrical Lamb-
wave by applying the finite-element method.17 The present study develops a new approach to 
the variational treatment of a 3D LiNbO3 rectangular-plate resonator by taking the waveguide 
behavior of the resonator partly covered by electrodes into account. The electrode 
configurations providing the excitation of certain vibration modes in the plate are furthermore 
discussed. 
 
II. FORMULATION OF THE ELECTROELASTIC INTERACTION FUNCTIONAL 
 
The general variational formulation of electroelasticity in bounded piezodielectric 
bodies, based on the Hamilton’s variational principle,23 was elaborated by Holland and 
EerNisse.4,5 The method involves the Rayleigh-Ritz calculation procedure and has been 
successfully used for studying vibrations of a piezoceramic parallelepiped with short-
circuited electrodes4 and a two-electroded piezoceramic disk.5 
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Figure 1(a) shows a schematic sketch of the piezocrystal rectangular plate used in the 
formulation of the 
electroelastic interaction 
functional. Figure 1(b) 
displays a model geometry 
used in this work for 
numerical computations. The 
electroelastic vibration of the 
plate is excited by applying a 
set of EQ  ac-signals to EQ  
exciting electrodes shown by 
filled strips in Fig.1(a), 
where the p-th electrode with 
the area of )p(S  is fed by 
the signal with the amplitude 
of )( pVG  and the angular 
frequency of ω . The plate 
vibrations are affected by a 
system of FQ  electrically unloaded, or “free”, electrodes with the area of )(qΣ  [open strips 
in Fig. 1(a)], due to the screening of the piezoelectric fields by the electrodes. The electrical 
potential )(qV  developed on the q-th free electrode is to be determined. 
The functional F  describing electroelastic vibrations in the configuration of Fig.1(a) 
may be expressed as4,5 
 
Fig. 1. Schematic sketch of a sample for formulation of the 
interaction functional (a) and model geometry for numerical 
computations (b). The sample consists of a LiNbO3 plate (shaded body) 
and a set of exciting (filled strips) and free (open strips) electrodes. The 
total number of exciting and free electrodes are EQ  and FQ , 
respectively. They are assumed to be thin enough causing no mechanical 
load on the surfaces of the plate. Note the absence of the free electrodes 
on the surfaces and a bulk excitation of plate vibrations in (b). 
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where Ui is the i-th component of the elastic displacement vector, Φ is the piezoelectric 
potential (assuming their )exp( tjω  time dependence), )( pNm  and )(qNm  are the m-th 
components of the unit vectors normal to the p-th exciting and q-th free electrodes, 
respectively, GmE  is the m-th component of the electric field strength generated within the 
local volume EΩ  of the plate by the applied signal, implying the relation 
),,(),,( zyxzyxE Φ∇−=
GG
 holds, Ecαβγδ  are the components of the elastic tensor taken at a 
constant electric field strength, αβγe  are the components of the piezoelectric tensor, 
S
αβε  are 
the components of the dielectric tensor taken at a constant value of the elastic strain. The 
subscripts in Eq. (1) vary from 1 to 3 and the Einstein summation convention applies to 
repeated indices. The coma in the subscript marks differentiation. In Eq. (1), the constituent 
relations for components of the mechanical stress tensor and of the electric displacement 
vector are assumed to be linear in iU  and j,jE Φ−= . 
 5 
Analyzing free vibrations, one should put 0=EΩ , 0)(
1
=∑
=
EQ
p
pS , 0)( =pVG  and 
0=GE
G
. Furthermore, only the GE  and )( pVG  components written in Eq. (1) are related to 
forced vibrations. Therefore, when the exciting electrodes shown in Fig. 1(a) are all arranged 
on a single face of the plate the GE
G
-components vanishes and F reduces to the form given by 
EerNisse and Holland.5 This allows to conclude that the vibration amplitude derived in the 
case of a surface excitation (when 0=GmE ) is much less than the one attained with a bulk 
excitation (when 0≠GmE ). 
Equating the first variation of F to zero gives a standard set of equations in terms of 
four independent physical functions - ),,( zyxU X , ),,( zyxUY , ),,( zyxU Z , and ),,( zyxΦ . 
It includes the equation of motion for extensional vibration, and the Maxwell’s equation 
requiring that the divergence of the electric displacement vector to be zero. These should be 
supplemented with the boundary conditions on the plate boundary. On the dielectric part of 
the boundary, there are no normal components of both the mechanical stress and the electric 
displacement. On the part of the plate boundary covered with electrodes, the metal layers are 
considered to be thin and do not influence the above boundary conditions for the stress 
tensor. 
To account for an arbitrary cut resonator plate, the functional (1) should be 
generalized by introducing the transition matrix [g], which describes the coordinate 
transformation from the crystallographic system };;{ CCC ZYX  to the one };;{ ZYX  defined 
by the plate cut. Then the matrix components αβg  are24 
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where 1α , 2α , and 3α  are the rotation angles around the XC, YC and ZC axes, respectively. 
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With the electrode configuration shown in Fig 1(b), where the top and the bottom 
arrangements are mirror-symmetric to each other, the sum of the fifth, sixth and seventh 
terms in Eq. (1) reduces to 
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Based on the above formulation, the free vibrations of a 128o-Y-rotated LiNbO3 
rectangular plate with the rotation angles D1281 =α , 
D02 =α  and 
D03 =α   are then analyzed in 
three cases which are as follows (see Fig. 2).  
(1) The plate surfaces are 
uncovered with metal electrodes, so x1 
= x2 = LX/2 and z1 = z2 = LZ/2,  
(2) A pair of open-circuited 
electrodes fully covers the opposite 
XZ-planes of the plate, so x1 = x2 = 0 
and z1 = z2 = 0. 
(3) A pair of open-circuited 
electrodes partly covers the opposite 
XZ-planes of the plate such that x1 = 
x2 < LX/2 and z1 = z2 = 0. 
Within the Rayleigh-Ritz calculation procedure, in order to minimize the F one should 
expand the ),,( zyxU X , ),,( zyxUY , ),,( zyxU Z , and ),,( zyxΦ  functions in series over a 
set of trial functions which must be complete and linear independent, and also continuous and 
doubly differentiable25. To this end the ),,,( zyxBFk α  trial functions with k = 1, 2, 3 and 4 
corresponding to UX, UY, UZ and Φ , respectively, have been constructed in the following 
form 
 
Fig. 2. Schematics of the impedance setup showing a 
LiNbO3 plate (shaded body) oriented along the X- , Y- and Z-
axes, metal electrodes (filled rectangles), the load resistance 
RL, the input V1 and output V2 voltages. 
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In Eqs.(3.1)-(3.3), the trigonometric trial functions ),,( zyxTFij  (i = 1, 2, 3) are taken from 
Table II in Ref. 4. It is convenient to approximate the potential Φ  with 
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Here, the integers )(αkSM , )(αkCM , )(αkSN , )(αkCN , )(αkSP  and )(αkCP  are the 
coordinate characteristic numbers (CCNs), and the number of the trial functions is defined by 
UQ  and ΦQ . Following the landmark paper,
4 the integers in the )}(),({ αα kCkS MM -, 
)}(),({ αα kCkS NN - and )}(),({ αα kCkS PP - pairs are chosen to be of the opposite parities, 
namely, {odd, even} or {even, odd}. The )(αB  and )(βC  coefficients are estimated by a 
standard procedure.5  
Apparently, there are two important issues in constructing the trial functions needed 
for characterizing the vibrations of resonators which are partly covered by electrodes. First, a 
new view emerges from the terms ),,(41 zyxTF  and ),,(42 zyxTF  which are introduced in Eq. 
(4) in order to account for the penetration of the electric field outside the vibrating plate. 
Previously, the expansion of the Φ  function into series of two TF4j components including the 
sin(...)sin(...)sin(...) ⋅⋅  and sin(...)cos(...)cos(...) ⋅⋅  terms4 was only capable to describe the 
vibrations of a short-circuited piezoelectric plate covered fully with electrodes. 
Second, a proper understanding requires taking into account the wave-factor 
),,,( zxKKWF YX  included in Eq. (3). This comes from the plate waves traversing the plate 
which are likely to appear if the electrode area is remarkably small thus making a significant 
contribution to vibration properties of the plate.17 Setting 1),,,( =zxKKWF ZX  allows to 
attain a large-electrode area case. 
For definiteness, suppose the waves are purely standing and assume their reflections 
at the edges of the plate are loss-free. Then 
 
),(),(),,,( 21 zKWFxKWFzxKKWF ZXZX ⋅= ,                                  (5.1) 
 
{ })](cos[)cos(
2
1),(1 xLKxKxKWF XXXX −+= ,                                (5.2) 
 
{ })](cos[)cos(
2
1),(2 zLKzKzKWF ZZZZ −+= .                                 (5.3) 
 
 9 
where )(/ ωω XX VK = and )(/ ωω ZZ VK =  are the  X- and Z- components of the wave 
vector, respectively, and XV  and ZV  are the corresponding components of the wave phase 
velocity.  
Turning to the trial functions introduced here it should be noted that the sets of 
{TF11,TF12}, {TF21,TF22}, {TF31,TF32}, and {TF41,TF42,TF43} are neither orthogonal nor 
complete, although, taken separately, each of the sets {TFij} definitely satisfies the general 
demand of the orthogonality and completeness. As remarked previously, such 
“overcomplete” sets of the trial functions accelerate the convergence of the series (3) in 
computations.26 Meanwhile, the mathematics behind this problem is well beyond the scope of 
the present work. Concerning the wave-factor WF given above, it is easy to show that, for 
XXX NLK π=  or ZZZ NLK π=  ( ...,,N,N ZX 21= ), which are only of practical relevance 
since in these cases the surface distributions of the elastic and electric fields are remarkably 
affected by the )z,x,K,K(WF YX  wave factor, the {BFij} trial function sets remain complete 
and orthogonal. Therefore, the computation results require further experimental evidence to 
secure the validity of the trial functions introduced above. As shown below, the principal 
findings of experimental vibration frequencies match the expectations of this theory thus 
supporting the theoretical approach. 
When treating the vibration problem variationally for a particular vibration mode, the 
distributions of XU , YU , ZU  and Φ  over the surface of a vibrating plate are defined by a 
proper choice of the odd (“O”) and even (“E”) parities, which are assigned to the 
corresponding CCN.4 Taking ZU  component as an example, this can  be written as  
),,0(),,( zyUzyLU ZXZ =  for the even )(αZM , 
 
),,0(),,( zyUzyLU ZXZ −=  for the odd )(αZM  
 
due to the presence of the cos-components in the expansion of ZU  given in Table II of Ref. 4. 
These formulas indicate that the asymmetric and symmetric UZ (X) distributions occur. 
Speaking more generally, there would be eight parity sets {R1;R2;R3;R4;R5;R6;R7;R8} for 
the CCN triplet of )}(),(),({ ααα kkk PNM  in the trial function ),,( zyxTFij . Then R1 = 
(E,E,E), R2 = (O,E,E), R3 = (E,O,E), R4 = (E,E,O), R5 = (E,O,O), R6 = (O,E,O), R7 = 
(O,O,E) and R8 = (O,O,O), where the first parity is ascribed to the X-coordinate CCN, the 
second parity – to that of the Y-coordinate, and the third parity – to that of the Z-coordinate. 
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Therefore, to model the plate vibrations, taking into account the opposite parities of the CCN 
pairs, four parity sets Rn corresponding to twelve CCNs in Eqs. (3) should be specified for 
every vibration mode. As far as we are aware, this has not yet been done in the 3D-
resonators.  
In general, the total number of the twelve parity combinations is 212 = 4096, 
corresponding to the number of extensional vibration modes which are likely to occur in the 
rectangular piezoelectric parallelepiped. However, the analysis done allows to conclude that, 
in the absence of the mechanical load and free charges on the dielectric part of the plate 
boundary, all these vibration modes can be subdivided into 512 groups, 8 modes in each 
group. One of them applicable to the piezoceramic parallelepiped was described by Holland.4 
Within the modal group, a certain set of material constants (MCs), Ecαβγδ , αβγe  and 
S
αβε , is 
used in the computations, independently of the way of distributing the various trigonometric 
trial functions over XU , YU , ZU  and Φ . Consequently, every mode in a given group has 
the same eigenfrequency spectrum reducing the total number of different MCs to much less 
than 512. Therefore, it is a few different vibration modes that are only sustained in the plate 
of a given crystallographic class.  
Any theory addressing the coupled electroelastic vibrations must explain one general 
finding. Depending on the plate cut, some of the vibration modes are not piezoelectrically 
active and, therefore, can not be sustained by electrically exciting the plate. In order to check 
the consistency of our theoretical model, a pure cut LiNbO3 plate has been tested. It appears 
that there are no αβγe ≠0 entries in some of the 512 MCs, consistent with the above general 
demand.  
A wide range of solutions to forced vibration problems is available with this 
technique. For definiteness, in the discussion that follows two questions are answered.  
1. Which vibration modes can be excited with a given electrode configuration? 
2. Which electrode configuration and distribution of the input signals over the 
electrodes allow to support a given vibration mode? 
The fifth and the sixth terms in the functional (1) are the key to answering these 
questions. In general the electrical excitation of the vibrations is possible if the two terms are 
nonzero. It might be expected that the number of modes supported by the plate takes its 
minimum value using the GE
G
 exciting field with only one nonzero component. This case can 
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be realized, for example, in the geometry shown in Fig. 1(b) if the inter-electrode spacing is 
large enough to give 
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for iTF1 , iTF2  and iTF3  (Table II in Ref. 4) with α = 1, 2 and 3 for YZ-, XZ- and XY-faces, 
respectively; and 
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for j4TF  [see Eq. (4)] with k = 1, 2 and 3 for YZ-, XZ-, and XY-faces, respectively. 
Noticeably, relations (6) and (7) are applicable to a piezocrystal plate of any crystallographic 
class, standing as a criterion mediating between the electrically-excited and non-excited 
vibration modes. 
Substituting the trial functions modeling Ui and Φ  into (6) and (7) and integrating over 
EΩ , which is defined by the electrode configuration, one takes the parity sets related to the 
excited vibration modes. Alternatively, the parity sets forcing the integrals in formulas (6) 
and (7) to be zero define non-piezoelectric vibration modes which can therefore not be 
electrically excited. This analysis allows to correctly choose the parity sets pertinent to the 
measured frequency spectrum, but requires further experimental evidence to answer the 
question if the mode is non-degenerate or not. 
Some of the computation results are summarized in Table I. Given here are the parity 
sets Rn for the vibration modes of a 128o-Y-rotated cut LiNbO3 rectangular plate which is 
electrically excited with a single pair of rectangular-shaped electrodes (see Fig. 2). To 
determine the parity sets substitute 1=α  and 2k =  in formulas (6) and (7), respectively, so 
the integration reduces to 
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TABLE I. The parity sets Rn for the trial functions TF0ij used to model the extensional vibration modes 
electrically excited in a 128o-Y-rotated LiNbO3 rectangular-plate resonator with a pair of rectangular-shaped 
electrodes located asymmetrically (A) or symmetrically (B) on its opposite faces. Electrode’s dimensions are 
given in the first column. 
 For TF01i For TF02i For TF03i For TF04j  
(A) Asymmetric location 
(A1) Electrodes are on XY-faces 
x1=x2=0, y1=y2=0 R5 R6 R7 R5, R7 2 
21 xx ≠ , y1=y2=0 R5, R8 R4, R6 R3, R7 R3, R5, R7, R8 32 
x1=x2=0, 21 yy ≠  R4, R5 R6, R8 R2, R7 R2, R4, R5, R7 32 
21 xx ≠ , 21 yy ≠  R4, R5, R6, R8 R4, R5, R6, R8 R2, R3, R7, R8 
R1, R2, R3, R4, 
R5, R6, R7, R8 
512 
(A2) Electrodes are on XZ-faces 
x1=x2=0, z1=z2=0 R5 R6 R7 R6 1 
21 xx ≠ , z1=z2=0 R5, R8 R4, R6 R3, R7 R4, R6 16 
x1=x2=0, 21 zz ≠  R3, R5 R2, R6 R7, R8 R2, R6 16 
x1=x2=0, z1=z2=0 R5 R6 R7 R6 1 
(A3)Electrodes are on YZ-faces 
y1=y2=0, z1=z2=0 R5 R6 R7 R5, R7 2 
21 yy ≠ , z1=z2=0 R4, R5 R6, R8 R2, R7 R2, R4, R5, R7 32 
y1=y2=0, 21 zz ≠  R3, R5 R2, R6 R7, R8 R3, R5, R7, R8 32 
21 yy ≠ , 21 zz ≠  R1, R2, R4, R5 R2, R6, R7, R8 R2, R6, R7, R8 
R1, R2, R3, R4, 
R5, R6, R7, R8 
512 
(B) Symmetric location 
(B1) Electrodes are on XY-faces 
021 ≠= xx , y1=y2=0 R5 R6 R7 R5, R7 2 
x1=x2=0, 021 ≠= yy  R5 R6 R7 R5, R7 2 
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0,0 2121 ≠=≠= yyxx  R5 R6 R7 R5, R7 2 
(B2)Electrodes are on XZ-faces 
021 ≠= xx , z1=z2=0 R5 R6 R7 R6 1 
x1=x2=0, 021 ≠= zz  R5 R6 R7 R6 1 
0,0 2121 ≠=≠= zzxx
 
R5 R6 R7 R6 1 
(B3)Electrodes are on YZ-faces 
021 ≠= yy , z1=z2=0 R5 R6 R7 R5, R7 2 
y1=y2=0, 021 ≠= zz  R5 R6 R7 R5, R7 2 
0,0 2121 ≠=≠= zzyy
 
R5 R6 R7 R5, R7 2 
 
All the Rn sets given in Table I correspond to the trial function of the form 
 
]/)(sin[]/)(sin[]/)(sin[),,(0 ZkiYkiXkiki LpLynLxmzyxTF απαπαπ ⋅⋅=  
 
with i = 1 and 2 for k = 1, 2 and 3, and i = 1, 2 and 3 for k = 4, since the )}(),({ αα kCkS MM -, 
)}(),({ αα kCkS NN - and )}(),({ αα kCkS PP -pairs are of the opposite parities. In terms of the 
parity sets {R1;R2;R3;R4;R5;R6;R7;R8}, each extensional vibration mode can be described 
by 
 
{ } { }RlRkRjRiTFforRlTFforRkTFforRjTFforRi ,,,)0(),0(),0(),0( 4321 ≡  ( 81,l,k,j,i = ). 
 
Then the case of 21 xx =  and 21 zz =  in Fig.2 is referred to as the symmetric electrode 
configuration. Otherwise, it is non-symmetric. In case of the multiple pairs of electrodes 
shown in Fig.1(a) the electrode configuration is symmetric if the bottom- and top-faced 
electrodes are mirrored with respect to the middle plane of the plate. 
Obviously, the non-symmetric electrode configurations produce a greater number of 
vibration modes due to a greater number of the nonzero GE  components; see Eq. (1). The 
number of various vibration modes supported by a given electrode configuration is 
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summarized in the last column of Table I. However, there is one significant issue that will 
need further work: It is still unclear which of the modes are non-degenerated, giving rise to 
different eigenfrequency spectra. Apparently, a better understanding requires taking into 
account several different vibration modes that can be excited simultaneously at a given 
frequency. In this case, the elastic displacements and the piezoelectric potential can be 
expanded over the normal vibration modes as illustrated, e.g., in Refs. 5 and 27. 
 
III. SAMPLES 
 
Experiments were performed on two samples, LNO-1 and LNO-4a, of a 128o-Y-rotated cut 
lithium niobate ( }0,0,128{},,{ 321
ooo
=ααα ) which is typically used for guiding the surface 
acoustic waves28. Experimentally, have been investigated. The samples were rectangular 
shaped with linear dimensions LX, LY and LZ given in Table II. Also tabulated is a measure of 
the nonuniformity in Li defined as min,imax,ii LLL −=∆  with i = x, y, z. 
 
TABLE II. Sample’s average linear dimensions ( iL ) and related nonuniformities ( iL∆ ) (in mm). 
Sample xL  ∆Lx yL  ∆Ly zL  ∆Lz 
LNO-1 13.45 0.01 0.755 0.005 3.64 0.01 
LNO-4a 19.20 0.02 0.70 0.01 3.61 0.01 
 
Electroelastic vibrations were excited with a pair of thin metallic electrodes formed by 
a fine-dispersive Ag powder deposited on the opposite XZ-planes of the samples. The tangent 
of the dielectric loss, measured at the frequency of 1 kHz, did not exceed 5×10-3. Care was 
taken to ensure the stability of the electrical input and output contacts attached to the 
electrodes and to achieve the traction-free mechanical condition at the surfaces of the plate. 
 
IV. EIGENFREQUENCY MEASUREMENTS 
 
The eigenfrequencies of the samples were taken using the impedance technique29 
schematically sketched in Fig. 2. Taking the load resistance LR  to be much greater than the 
real part { })(Re fZ  of the sample’s electric impedance )( fZ  this gives 
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)(/)()( 12
1 fVfVRfY L  ⋅≈ − , 
 
where )()( 1 fZfY −=   is the complex electrical conductivity of the sample and the voltages 
)(1 fV  and )(2 fV  are shown in Fig. 2. Then the frequency dependence )( fY  represents the 
sample’s eigenfrequency spectrum.30 This was found to change with varying the values of x1, 
x2, z1, and z2. 
 
V. EXPERIMENTAL RESULTS AND DISCUSSION 
 
The frequency dependence )( fY  taken in sample LNO-1 fully covered with 
electrodes (i.e. x1 = x2 = 0 and z1 = z2 = 0 in Fig. 2) is exemplified in Fig. 3. A number of 
maxima and minima reflecting an overtone’s family of a vibration mode (or, maybe, of 
several modes) is clearly resolved.  
 
Fig. 3. Frequency dependence of the complex conductivity )( fY  taken in sample LNO-1 
(solid curve). The computed antiresonant frequencies faT(n) are martked below the curve. 
 
 16 
The measured frequencies fr,E(n) corresponding to maxima in Fig. 3 are the parallel-
resonance frequencies of the sample with n being the serial number of an overtone. Minima 
fa,E(n) give the sample’s series-resonance (or antiresonant) frequencies. It is known31 that the 
eigenfrequency spectrum of a piezoelectric resonant structure is represented by either the 
)(nfr  set for the shirt-circuited electrodes or the )(nfa  set for the open-circuited ones. 
Theoretically, the setup displayed in Fig. 2 is considered to be open-circuited. The most 
significant resonant and antiresonant frequencies taken in our samples are summarized in 
Table III. 
 
TABLE III. A comparison between the experimentally measured frequencies fa,E(n) and the computed 
frequencies faT(n) for LNO-1 and LNO-4a samples. The frequencies faT(n)  are calculated with 33QQU == Φ  
for the {R5,R6,R7,R6}-vibration mode. 
Overtone’s serial number n 
 
n=1 
(“L”) 
n=2 
n=3 
(“W”) 
n=4 
n=5 
(“T”) 
n=6 
Sample LNO-1 
fr,E(n), kHz 222.2 614.8 768.0 799.9 2357.1 2581.6 
fa,E(n), kHz 226.1 617.3 781.1 830.8 2371.2 2591.0 
fa,T(n), kHz 227.3 643.0 793.4 826.2 2408.7 2570.5 
)(1 n∆ , % 0.5 3.9 1.5 0.6 1.6 0.8 
Sample LNO-4a 
fr,E(n), kHz 158.3 461.5 731.6 764.1 2259.8 2492.8 
fa,E(n), kHz 160.3 462.0 738.9 782.4 2291.1 2503.7 
fa,T(n), kHz 159.5 472.4 723.3 795.9 2327.6 2562.6 
)(1 n∆ , % 0.5 2.2 2.1 1.7 1.6 2.3 
 
In order to compare the measured and computed frequencies, suppose that the twist-
like vibrations are not excited with the electrode configuration shown in Fig. 2 and the 
observed vibrations are pure flexural and extensional ones or coupling of the two. Starting 
with the one-dimensional case, the fundamental frequencies of the length-propagating ( Laf ), 
thickness-propagating ( Taf ) and width-propagating (
W
af ) vibration modes marked here as 
“L”, “T” and “W”, respectively, can be approximated by29 
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XX
L
a LVf 2/= ,   YY
T
a LVf 2/= ,    ZZ
W
a LVf 2/= .                            (8) 
 
Taking the phase velocities VX ≈ 6500 m/s for a longitudinal wave, VY ≈ 4000 m/s for a fast 
shear wave32 and the values of XL , YL  for sample LNO1 in Table II, the estimates are 
L
af ≈ 
242 kHz and Taf ≈ 2649 kHz. Comparison with the data shown in Table IIIA exhibits pure 
agreement of the measured and computed values since, experimentally, )1(aEf ≈ 226 kHz 
and )5(aEf  ≈ 2371 kHz. Taking VZ ≈ 6500 m/s for a longitudinal wave
32 and the value of ZL  
in Table II yields Waf ≈ 892 kHz which, again, is remarkably greater than the measured value 
)3(aEf ≈ 781 kHz. Therefore, a simple one-dimensional model obviously overestimates the 
vibration frequencies.  
The other faE frequencies observed experimentally and given in Table III are also 
inconsistent with the estimated values obtained within a simplified three-dimensional 
standing-wave approach.18 Therefore, it can be suggested that the peaks seen in Fig. 3 are the 
overtones of the 3D extensional vibration modes.  
This way of looking at the experimental results can be given supporting evidence by 
using the computation work performed here. The computed faT(n) and the measured frE(n) and 
faE(n) frequencies are contrasted in Table III. In the plate with fully metallized XZ-planes, the 
{R5,R6,R7,R6}-vibration mode should be analyzed; see second row [part (B2)] in Table I. 
Computing the eigenfrequencies, the material constants Eijc , mne  and 
S
klε  are taken from.
33 
The spectrum faT(n) is obtained with QU = QF =33. Following the classification scheme given 
above the R8 and R2 parity sets are used for the TF11 and TF12 trial functions, R8 and R3 – for 
TF21 and TF22, R8 and R4 – for TF31 and TF32, R7, R1 and R6 – for TF41, TF42 and TF43, 
respectively. 
Comparing the measured and computed eigenfrequencies given in Table III, a few 
percent discrepancy is seen which can be due to two main factors. First one comes from the 
non-uniformity of the sample dimensions (see XL∆ , YL∆  and ZL∆  in Table II). Evidently, 
decrease in Li across the plate increases faT(n). For example, a 1% decrease (increase) in LX, 
LY and LZ yields the frequency faT(1) increase (decrease) of about 1% in sample LNO-1. Also, 
the non-uniformity produces a departure iα∆  from the angles iα  defining the 
crystallographic cut of the sample. Taking o11 ≈α∆ , o2 1≈α∆ , o13 ≈α∆  in sample LNO-1 
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gives the faT(1) frequency shift from 227.3 to 227.2 kHz for }1,1,129{},,{ 321
ooo
=ααα . If 
}1,1,127{},,{ 321
ooo
−−=ααα  the frequency shifts from 227.3 to 227.4 kHz. Second, the 
values of the material constants are not definitely known. Then, varying Eijc , mne  and 
S
klε  
within %1±  gives the faT(1) shift of about %5.0±  in sample LNO-1. Therefore, a 
comparison of the observed frequency spectrum with variational calculations, using the 
functional and the trial functions given above, allows to identify the majority of the peaks 
shown in Fig. 3. However, there exist fine structures in the frequency spectra that can still not 
be explained. For example, the peak marked by “W” in Fig.3 exhibits the triplet structure: It 
is accompanied by two subsidiary peaks on its low- and high-frequency side. The explanation 
may lie in additional effects, such as the coupling between the tone and flexural vibration 
modes, which are beyond the scope of the present work. 
Experiments show the significant systematic effect of decreasing eigenfrequencies 
with increasing the metallization surface area, and this is supported by the computations. One 
example is shown in Table IV where the frequency spectra are given for two symmetric 
electrode configurations (see Fig. 2), taken both theoretically and experimentally.  
 
TABLE IV. The experimentally measured frequencies fa,E(n), and the computed frequencies fa,T(n), for various 
values of electrode’s area (sample LNO-1, symmetric configuration of electrodes). 
Overtone’s serial number n 
 
n=1 
(“L”) 
n=2 
n=3 
(“W”) 
n=4 
n=5 
(“T”) 
n=6 
Calculated values  fa,T(n) [kHz], ( 33QQU == Φ , the {R5,R6,R7,R6}-vibration mode)  
Non-metallized 
faces 
229.6 683.1 822.9 877.1 2583.0 2667.5 
70%-metallized 227.8 652.7 804.9 843.0 2526.1 2625.3 
100%-metallized 227.3 643.0 793.4 826.2 2408.7 2570.5 
)(nfaTδ , % 0.2 1.5 1.45 2.0 4.8 2.1 
Measured values fa,E(n), kHz 
70%-metallized 227.1 620.6 788.9 838.5 2392.6 2607.0 
100%-metallized 226.1 617.3 781.1 830.8 2371.2 2591.0 
)(nfaEδ , % 0.4 0.5 1.0 0.9 0.9 0.6 
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These are fully-metallized XZ-faces with x1 = x2 = 0  mm and z1 = z2 = 0 mm, and ≈ 70%-
metallized XZ-faces with x1 = x2 = 2 mm and z1 = z2 = 0 mm. Here, the results are contrasted 
with that taken in the non-metallized sample. It is seen that, at any given overtone serial 
number n , metallization decreases both the faT and faE frequencies. 
 
VI. CONCLUSIONS 
The following conclusions can be drawn from the presented analysis. 
(1) The problem of the free and forced (electrically excited) extensional vibrations in 
a three-dimensional rectangular plate arbitrarily cut from a piezoelectric crystal can be solved 
variationally by using the generalized functional, quadratic in the elastic displacement 
components and the piezoelectric potential, proposed in this work. 
(2) The vibration mode classification scheme applicable to a purely extensional 
vibration of piezoelectric parallelepipeds is developed.  
(3) A good agreement between the measured and computed antiresonant frequencies 
in a 128o-Y-rotated cut LiNbO3 rectangular plate is obtained for a few lowest overtones in the 
electrically excited vibration mode.  
(4) The natural frequencies of the extensional vibration mode overtones are found to 
decrease, both experimentally and theoretically, with increasing the area of the exciting 
electrodes. 
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